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ABSTRACT Based on the observation that potassium ions are compartmentalized near the surface of pancreatic fl-cells
in mouse islets (Perez-Armendariz, E.M., I. Atwater, and E. Rojas 1985, Biophys. J. 48:741-749), we present a
theoretical treatment of the effect of external potassium on oscillations in the pancreatic ,3-cell. Our model includes the
effects of ionic diffusion, the Ca2"-activated K+ channel, voltage-gated K+ and Ca2" channels, and some of the effects
of glucose. It is described by four ordinary differential equations. Numerical integration of these equations allows us to
examine the effect of glucose, external K+, quinine, and tetraethylammonium ion (TEA) on the oscillations in
membrane potential, intracellular Ca2", and compartmentalized K+. The results are in good agreement with
experiment.

INTRODUCTION

The voltage across the plasma membrane of the mouse
pancreatic 3-cell is observed to oscillate in a series of bursts
when whole islets are perfused with glucose concentrations
of the order of 10 mM (Dean and Matthews, 1970). A key
to understanding this phenomenon was the discovery of a
Ca2'-gated K+ permeability in the plasma membrane
(Atwater et al., 1979). Based on this discovery of the
existence of voltage-gated channels for both K+ and Ca2"
in the fl-cell (Ribalet and Beigelman, 1979), we have
recently proposed a minimal mathematical model for these
oscillations (Chay and Keizer, 1983). The model consists
of the following: potassium channels with a conductance
that is activated by the binding of intracellular Ca2";
Hodgkin-Huxley-like conductances for Kt and Ca2"
(Ca2" replaces Nat in the Hodgkin-Huxley model); and a
sink for intracellular Ca2" that is activated by glucose. The
sink for Ca2" corresponds to the fact that one action of
glucose is to induce uptake of Ca2" into intracellular stores,
possibly mitochondria (Andersson, 1983; Rorsman et al.,
1984; Bergsten and Hellman, 1984). This model is the
minimal one that gives rise to burst oscillations. Numerical
calculations with the model (Chay and Keizer, 1983; Lee
et al., 1983) are in good agreement with experimental
measurements of the voltage oscillations and predict, as
well, oscillations in the intracellular Ca2" concentration.
Because of its high intracellular concentration, changes in
Kt within the f-cell were neglected in our minimal model.
Since changes in extracellular Kt concentration are not
required to model the voltage oscillations, extracellular Kt
was not included as a variable in our minimal model.

A recent and seemingly paradoxical experimental obser-
vation on mouse islets convinced us that it would be of
interest to include changes in extracellular Kt in our
model. Using 86Rbt as a marker for the Kt efflux in the
f-cell, a substantial increase in "6Rbt efflux was observed
when the glucose concentration in the perfusion medium of
rat or mouse islets was increased from 8.3 to 16.7 mM or
higher (Lebrun et al., 1982, 1983). This seems paradoxical
since, according to one of the prevailing hypotheses (At-
water et al., 1980), glucose contributes to a decrease in
permeability of Ca2t-activated Kt channels. Indeed, this
decreased permeability is supposed to be responsible for
the depolarization of the membrane at the onset of each
burst. The 86Rbt efflux experiments have been offered as
"evidence that glucose ... does not inactivate the Ca2t_
sensitive modality of Kt extrusion" (Lebrun et al., 1983).

This apparent paradox can be resolved qualitatively
within the context of our minimal model. The resolution is
based on a comparison of the time scale on which the 86Rbt
efflux measurements are made, with the time scale on
which the Ca2t-activated K+-channel opens and closes.
According to our calculations, the intracellular Ca2t con-
centration both decreases and increases during a burst on a
time scale the order of 10 s. This means that the Ca2t_
gated Kt permeability is turned on and off on this time
scale. The 86Rbt measurements, on the other hand, are
made every minute and so measure the efflux averaged
over several bursts. In our minimal model glucose produces
an average increase in the intracellular Ca2t concentration
under conditions of steady state bursting. This tends to
open up the Ca2t-activated Kt channel on the average,
increasing Kt efflux. Furthermore, the depolarization of
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the membrane potential during a burst opens up the
voltage-gated K+ channel. Thus the minimal model quali-
tatively predicts a net average increase in K+ efflux, even
though the Ca2"-gated K+ channel opens and closes during
each burst.

Shortly after it occurred to us how to resolve the 86Rb+
efflux data using our minimal model, Atwater (private
communication) informed us that sustained oscillations
had been observed in the concentration of extracellular K+
in mouse pancreatic islets (Perez-Armendariz et al., 1985).
As both of these experiments depend on the effilux of K+
into the extracellular medium, we decided to elaborate our
minimal model by adding extracellular K+ as a variable.
Here, we show how that can be accomplished and compare
our numerical results with experiment. Before doing so, we
recapitulate the ideas that go into our minimal model,
discussing its strengths and weaknesses in greater detail.

CRITIQUE OF THE MINIMAL MODEL

Our minimal model (Chay and Keizer, 1983) was devised
to explain the steady voltage bursting of d-cells that occurs
10 min or so after an islet is perfused with 6-17 mM
glucose. This, however, is not the only glucose-stimulated
electrical activity that is observed in the f-cell. In addition
to the steady behavior, there is a rich transient activity
immediately after exposure to glucose. This activity has
been correlated (Meissner, 1976) with the nadir observed
in the insulin release rate from the f-cell (Hedeskov, 1980;
Wollheim and Sharp, 1981). The origin of this transient
electrical activity in terms of ion channels has so far eluded
electrophysiologists. As a consequence, we made no effort
to include that transient phenomena in our minimal model.
The minimal model includes only those ion channels that
were generally acknowledged to be crucial to the bursting
phenomenon, namely, voltage-regulated Ca2' and K+
channels (Ribalet and Beigelman, 1979) and Ca2+-
activated K+ channels (Atwater et al., 1979). Glucose
appears in our minimal model in its role as a trigger for the
uptake of glucose into intracellular stores. This phenome-
non is well documented experimentally (Andersson, 1983;
Rorsman et al., 1984). According to our numerical work
(Chay and Keizer, 1983), this minimal collection of effects
reproduces a broad range of experimental observations on
the steady state of bursting.
The minimal model is not, of course, complete. Indeed, it

cannot produce transient behavior when glucose is added to
the fl-cell in the presence (Atwater et al., 1979) or absence
(Meissner, 1976) of quinine. There are many other aspects
of fl-cell metabolism that are missing or incomplete in our
minimal model. For example, the treatment of Ca2` han-
dling in the cytosol of the fl-cell is primitive. Our minimal
model includes only the uptake of Ca2` by intracellular
stores and rapid association with binding sites in the
cytoplasm. The effect of the Ca2+-ATPase pump, the
Na+-Ca2+ exchange mechanism, and other known Ca2`

regulatory mechanisms (Wollheim and Sharp, 1981) are
not explicitly included. The minimal model also neglects
the effect of intracellular pH, which is thought to be
important in insulin release (Pace, 1984), and which
inhibits the Ca2"-activated K+ channel in cultured rat
neonatal f-cells (Cook et al., 1984).
The minimal model also neglects the effect of external

potassium on the oscillations. This effect has been studied
in many laboratories (Meissner, 1976; Atwater et al.,
1978; Cook et al. 1981b). Complementary to those mea-
surements are measurements of potassium effilux from the
f-cell (Lebrun et al., 1982, 1983; Henquin, 1981). Several
recent experiments suggest that glucose is directly involved
in modulating potassium effilux. A channel that conducts
K+ in the absence of glucose has been found in cultured rat
fl-cells using the cell-attached membrane patch technique
(Ashcroft et al., 1984). This so-called G-channel has a
constant conductance of -50 pS, and is completely inhib-
ited by 20 mM glucose. Since the conductance of this
channel is substantially reduced in the presence of even 10
mM glucose, it is doubtful that this channel has a major
effect on the bursting activity of the f-cell. Other experi-
ments (Cook and Hales, 1984), relying on unattached
patches of membrane from cultured rat neonatal f-cells,
have demonstrated the existence of a K+ channel that is
strongly inhibited by ATP in submillimolar concentrations.
Since ATP is a metabolic product of both glycolysis and
oxidative phosphorylation, the existence of this channel
implies a potential regulatory role for glucose. It is possible
that this channel is identical to the G-channel. The ATP
effect, however, is unlikely to be important for steady state
bursting. Indeed, during steady state glycolysis, overall
cystolic concentrations of ATP are in the millimolar range
(Newsholme and Start, 1973), well above the concentra-
tions at which ATP has a regulatory effect on this chan-
nel.

Other reasons suggest that these channels are not
needed to explain steady state bursting activity in the
fl-cell. Calculations by ourselves and others using the
minimal model (Rinzel, J., private communication) have
explored the dependence of the burst oscillations on the
parameter kc,. This parameter governs the uptake of Ca2"
into intracellular stores. Under physiological conditions,
the only features of the oscillations that change appre-
ciably when kca is increased are the oscillation period and
the relative duration of the spiking and silent phases (Chay
and Keizer, 1983). This aspect of the calculation is in good
agreement with experiment (Meissner, 1976). Further-
more, we find that increasing kc, increases the duration of
the spiking phase, as is also found experimentally
(Meissner and Schemlz, 1974; Cook et al., 1981a). The
effect of increasing kca on the period is more complicated:
When kca corresponds to glucose concentrations just above
the bursting threshold (-5-8 mM), the period is somewhat
longer than it is at values of kc. corresponding to the
intermediate range 10-16 mM. If kc, is made even larger
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(Rinzel, J., private communication), the period lengthens
again. For kca above a critical value, only continuous
spiking is observed. Experimentally, low to intermediate
glucose concentrations show great variability from one cell
to another in their effect on the oscillation period (Cook et
al., 1981a). Other experiments, however, which cover a
more extensive range of glucose concentrations, support
the results of our calculations. These experiments
(Meissner and Schmelz, 1974; Beigelman et al., 1977)
show that just above threshold the period is longer than
throughout the intermediate range of glucose concentra-
tions, and that the period lengthens again at concentrations
just below the onset of continuous spiking.

Overall, there is reasonable, qualitative agreement
between our calculations on the effect of glucose and the
results of our experiment. This suggests to us that the
dominant effects of glucose on steady state bursting are
already included in the minimal model. While the newly
discovered glucose-inhibited channels may well be impor-
tant in explaining other properties of the (3-cell, their effect
does not appear to be crucial for explaining steady state
bursting.
One effect that does seem to be important for steady

state bursting is compartmentalization of potassium ions in
the extracellular space (Perez-Armendariz et al., 1985).
Although our model provides a reasonable representation
of bursting behavior without this elaboration, the inclusion
of a compartmentalized extracellular space is necessary for
understanding K+ efflux measurements. In the following
sections we extend our minimal model to include the effect
of extracellular K+ ions compartmentalized around the
fl-cell. In our calculations the compartmentalized space is
assigned a volume per cell that is one-eighth that of the
A-cell itself. This volume is about an order of magnitude
larger than the tip of the microelectrode used to detect
external K+ (Perez-Armendariz et al., 1985). Our calcula-
tions exhibit burst oscillations of K+ that agree well in
terms of size, shape, and period with those observed
experimentally (Perez-Armendariz et al., 1985). Experi-
mentally, one finds oscillations of K+ concentrations with
amplitudes that range in different experiments from -1-
0.1 mM. In our calculations this implies a range of
extracellular volumes up to the size of the f-cell itself.
Whether these compartments are intrinsic in intact islets,
or are created by insertion of the microelectrode, remains
to be seen.

model of the K+ gradient that thus develops between the
fl-cell and medium. The variation of the concentration of
compartmentalized K+ ions with time depends on the
following three processes taking place in the layer: diffu-
sion between the medium and the layer; the electrical
activity of the membrane, which results in a gain of K+ ions
coming from the cell through the voltage- and calcium-
sensitive K+-channels; and the Na/K pump, which results
in the loss of K+ ions. This is expressed by the following
equations:

d[K] = (IK - 2 INa/K)/VcF + JDiff,dt (1)

where [K] is the concentration of compartmentalized K+
ions, F the Faraday constant, the quantity v, is the effective
volume of the compartmentalized space per fl-cell, IK the
current carried by K+ ions due to the membrane electric
activity, JDiff the flux of diffusing K+ ions, IN /Kthe current
due to the Na/K pump. The factor 2 in front of INa/K is a
result of the 3:2 Na/K exchange ratio.
The flux JDiff in Eq. 1 may be expressed in terms of the

two K+ concentrations

JDiff = kD[K]O- kD e-"[K], (2)

where [K]0 is the K+ concentration of the external medium
and kD is the diffusion rate constant of K+ ions from the
medium to the layer. Because of the difference in electro-
chemical potential of K+ in the perfusion medium and the
compartment, the rate constants for diffusion out of the
compartment and into the compartment must be different
(Keizer, 1976). Their ratio is given by e-+1 where Jt' is the
electrical potential difference between the perfusion
medium and the compartment divided by RT/F. One
effect of the electrochemical potential difference is to make
the steady state concentration of compartmentalized K+
differ from [K]0. This has been observed experimentally by
Perez-Armendariz et al. (1985), and in our calculations we
have estimated the value of the i from results in their Fig.
7 A.
The K+ current, IK, in Eq. 1 consists of the current

carried by K+ ions through the Ca2'-sensitive K+-channel,
IKc.a, and that carried by K+ ions through the voltage-
sensitive K+-channel, IK,v:

IK = - IK,Ca - IK,V
COMPARTMENTALIZED K+ IONS

We assume that in an islet the f-cell is surrounded by an
unstirred layer, as suggested by Perez-Armendariz et al.,
(1985). The environment of the unstirred layer must be
quite different from the perfusion medium, both because of
the charge of the membrane surface and because of the
flux of K+ ions from the membrane during the electrical
activity in the f-cell. This microenvironment serves as a

(3)

According to our minimal model (Chay and Keizer, 1983),
IK,Ca is represented by

'K.Ca = -Ka 1 ([Ca]/Kdi VIKC gK,Ca I+(C] di
(VK - V). (4)

Here, [Ca] is the intracellular calcium concentration and
Kdi, is an apparent dissociation constant of Ca2" ions from
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the Ca2'-sensitive K+-channel. In our model, IK,V is written
as

IKV= gKVn (VK - V), (5)

where n is the probability of opening of the voltage-
sensitive K+-channel. In Eqs. 4 and 5, VK is the resting
potential of K+ ions, and gK ca and gK, are the maximum
conductances of the Ca2 - and voltage-sensitive channels,
respectively.

In Eq. 5, the probability of opening of the voltage-
sensitive K+-channel, n, is described by the dynamic
expression given by Hodgkin and Huxley (1952)

dn/dt = X[n. - n]/rs, (6)

where X is a proportionality constant, n, is n at the steady
state, and r, a relaxation time. In our model the voltage
dependencies of n., and rT have the same form as the
original Hodgkin-Huxley equations, but V is replaced by
VT - V.

The equilibrium potential of K+, VK, in Eqs. 4 and 5
follows the Nernst equation (Plonsey, 1969)

VK = (RT/F) In{[K]/[K]in1, (7)
where R is the gas constant, T is the absolute temperature,
and [K]in the intracellular potassium concentration, which
is assumed to change little under the conditions that we
investigate here.
The intracellular calcium concentration in Eq. 4 varies

with time due to calcium ions coming into the cell through
the voltage-sensitive Ca2+-channel and the loss of intracell-
luar Ca2+ ions into intracellular stores stimulated by
glucose. Thus, according to the rate law, the time deriva-
tive of the intracellular Ca2+ concentration may be repre-
sented by

-,d[Ca] 3_ 1C - kca[CaI, (8)
dt 4irr3F

wheref is the fraction of free intracellular calcium ions, kca
is the rate constant for glucose-stimulated uptake of intra-
cellular Ca2, ions, and 'Ca is the inward Ca2+ current
coming from the voltage-sensitive Ca2+-channel. In our
model, this is expressed by

Ica =c m3h (Vca- V), (9)

where VCa is the Ca2' Nernst potential, g, the maximum
conductance of the voltage-sensitive Ca2'-channel, and m
and h are the probabilities of the activation and inactiva-
tion of the Ca2+-channel, respectively.
Our present model differs from the original Chay-

Keizer model in that the activation and inactivation
dynamic variables, m and h, of the voltage-sensitive Ca2,-
channel are replaced by their respective steady state
values, i.e.,

m =m_ (10)

and

h = ho. (11)
We have found (Chay, 1984) that this changes the results
of our earlier calculations very little, but that it greatly
reduces the time required for the computation. The voltage
dependencies of m. and h. are the same as in the original
Hodgkin-Huxley equations (Hodgkin and Huxley, 1952)
except that V is shifted along voltage axis by a fixed
amount VTm, i.e., V in the Hodgkin-Huxley expression is
replaced by Vm - V.
The time derivative of the membrane potential V

appearing in the above equations is given by the following
expression (Plonsey, 1969):

4irr2Cm d V/dt = gcam h.( Vca - V) + gK,vn(VK- V)

+ gK,Ca [Ca /Kdi. (VK - V) + gL(VL - V) - INa,K (12)
1 + [Ca]/Kdi,

where Cm is the membrane capacitance, and VL and gL are
the Nernst potential and conductance of the channels
responsible for ion leaks, respectively.
Once again, the present model contains four dynamic

variables: (a) the concentration of compartmentalized K+
ions; (b) the membrane potential, V, whose variation with
time is expressed as the sum of ionic currents carried by
outward K+ ions, inward Ca2+ ions, the leak current of an
unknown nature, and the current owing to the Na/K pump
activity; (c) the probability of opening of the voltage-
dependent K+ gate, n; (d) the intracellular Ca2, concen-
tration. The four differential Eqs. 1, 6, 8, and 12 govern the
time dependence of these variables.

It is possible to solve these four differential equations
numerically, and we have done so on a DEC 10 computer
(Digital Equipment Corp., Marlboro, MA) using a Gear
algorithm (Hindmarsh, 1974). The magnitude of the abso-
lute and relative error tolerances required in the integra-
tion code was set at 10-7. The parametric values used in
our computations are listed in Table I. When other values
were used for our computations, they have been listed in
the figure captions.
The value of Cm was obtained from Rojas (private

communication) and the radius of the ,8-cell, r, is approxi-
mately that in Dean (1973). The values of T, [K]i,, [K]0,
kD, and VCa correspond closely to the experimental condi-
tions of Perez-Armendariz et al. (1985). In particular the
value of kD- 1 is the time required for the external potassium
ions to diffuse into the islet, which was measured to be 4.2
s. Other parameter values are the same as in our previous
work (Chay and Keizer, 1983) with the following excep-
tions.
The value of X was adjusted to give a spiking frequency

compatible with experiment. The values of the conduc-
tances were adjusted to obtain the proper magnitude of the
voltage in the silent and active phases. In this work the
value of iKCa is smaller than that used previously (Chay
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TABLE I
PARAMETER VALUES OF THE MODEL

Parameter Numerical value

Cm IgF. cm 2
gc.Ca 50 pS
gk,C 7.5 nS
9ca 8 nS
gL 30 pS

(RT/F)Inl[K]i/1 mMl 125 mV
Vca 100 mV
VL -40 mV
V,, - 30 mV*
Vm -50 mV*
Kd,,i 1 M
r 6,um
f 7x 10-3
T 310K
kD 0.25 s-'
A1 0.1
VC 113M3

[K+]. 5 mM
A-' ~~~~~~~3

kc. 0.02 (ms)-

*Shifts in the voltage dependence of m< and n. assumed by Hodgkin and
Huxley (1952).

o L-ow Glucose0.I
0 1

->01
E-.

C=I

LO

O 0I

I.]
*1-

and Keizer, 1983) by a factor of -0.1. This adjustment
makes the theoretical value of the spiking period closer to
the experimental one, and corresponds more closely to the
value of -KCa = 60 pS estimated by Atwater et al. (1983).
The volume of the compartmentalized space per fl-cell, vc,
was chosen to be one-eighth that of the ,B-cell volume. If
this volume were distributed in a spherical shell around the
fl-cell, it would have a width of 0.24 lim. This value was
necessary for the computed amplitude of the [K] oscilla-
tions to be 1 mM, as found by Perez-Armendariz et al.
(1985). The values of 4f' were chosen so that the computed
steady state values of [K], obtained in the absence of
glucose, would agree approximately with those of Fig. 7 A
of Perez-Armendariz et al. (1985). For simplicity we have
set the current in the Na+/K+ pump equal to zero.

In our model, the parameterfcontrols the length of the
period, i.e., the larger the value of f, the shorter the
bursting period becomes. We have chosenf = 0.007, which
gives a bursting frequency compatible with experiment.
Also in our model Kdi, controls the magnitude of the
concentration of intracellular Ca2, ions. As previously
(Chay and Keizer, 1983) a value of 1 ,uM was chosen for
Kdis, and [Ca] oscillates in the vicinity of 1 ,uM. We have
defined V to be the potential difference between the

tntermediete Glucose High Glucose

I_ tj _
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FIGURE 1 The oscillatory pattern caused by variation of glucose. The plot on the left column was obtained with kc0 = 0.01 (ms)-', the
middle column with kc. = 0.02 (ms) , and the right column with kc, = 0.03 (ms) . The first row shows the variation of membrane potential
(in millivolts) with time (in seconds), the second row the intracellular calcium concentration (in millimolar) with time, the last row the
compartmentalized K+ ion concentration (in millimolar) with time.
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intracellular medium and the intercellular space. Thus, to
compare our results given in the figures that allow follow to
experimental measurements of the membrane potential,
one needs to add to V the potential difference between the
intercellular space and the perfusion medium. In our
calculations this is -RT/I/'F. The value of this term is 16
mV for [K]0 = 2 mM, 2.7 mV for [K]0 = 5 mM, and -2.7
mV for [K]0 = 7 mM.

NUMERICAL RESULTS: K+ OSCILLATIONS

Using the model and techniques described in the preceding
section we have integrated the differential equations for
the concentration of intracellular calcium, [Ca], the con-
centration of intercellular potassium, [K], the membrane
potential, V, and the probability, n, that the voltage
sensitive K+ channel is open. The time course of the
solutions for parameter values corresponding to low, inter-
mediate, and high glucose concentrations (all at 5 mM
external K+) are given in Fig. 1. The membrane potential
exhibits the typical pattern of bursts, which includes a long
silent phase of polarization followed by a rapid depolariza-
tion and K+/Ca 2 action potentials in the active phase.
These oscillations are limit cycles of the sort that are
thought to typify many biological oscillators (Pavlidis,
1973). The effect of added glucose is to increase the
duration of the active phase until, at high glucose concen-

tration, the silent phase is completely abolished. In our
expanded model the oscillations in intercellular K+ are
seen to follow a pattern similar to the intracellular Ca2".
During the active phase [Ca] and [K] both rise to a
maximum, while they both fall during the silent phase.

Fig. 2 shows the results of our calculation for the same
intermediate glucose concentration as in Fig. 1, but at 2, 5,
and 7 mM external K+. The pattern of the resulting
oscillations in [Ca], [K], and V depends on the electro-
chemical potential effect on [K] discussed in the previous
section. This effect, as manifested by the increased steady
state value of [K] over the value of [K]O (Perez-
Armendariz et al., 1985), is less pronounced at higher
values of external K+. As explained in the previous section,
this is reflected in our calculations by asymmetry in the
effective rate constants for diffusion between the external
medium and the intercellular space.

NUMERICAL RESULTS: K+ FLUXES

Since both the voltage-gated and Ca2+-activated K+ chan-
nels are included in our model, we can obtain the instanta-
neous fluxes of K+ ion through these channels from our
calculations. We express the fluxes in nano amperes per
cm2 of ,3-cell surface using the definitions

JK,V = gK,V (VK - V)/47rr2

!

I, I
... i ;

I.,i

(13)

/// .#/

IX<// /\\_I

FIGURE 2 Effect of external K' concentration on the bursting mode shown in the middle column of Fig. 1. Here, the parametric values used
for the computation were the same as those in the middle column of Fig. 1, with the following changes: low K' was computed with [K]. = 2
mM and~p= 0.6, the middle column the same condition as that of Fig. 1, and high K' was computed with 7 mM external K' concentration
and4,/= -0. 1.
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and

JK,Ca = gK,Ca (VCa - V)/4irr2 (14)

where the g's are the conductance of the channels discussed
in the section Compartmentalized K+ Ions and r is the
radius of a 13-cell, taken as 6 gm. By adding these two
fluxes together we obtain, J = JK,V + JKC,, the total K+
flux from the A-cell.
The time course of the fluxes for the low, intermediate,

and high glucose concentrations used in Fig. 1 are shown in
Fig. 3. Since the fluxes in Eqs. 13 and 14 are defined in
terms of the three variables [Ca], [K]O, and V which,
themselves, exhibit limit cycle oscillations, the fluxes also
oscillate in a similar pattern. Notice that the fluxes are of
the order of 102 nA cm-2. This is within the range of values
estimated using other experimentally measured parame-
ters (Perez-Armendariz et al., 1985).
We have also calculated the time average values of the

fluxes. These were obtained by numerically integrating the
instantaneous fluxes, e.g.,

r
J JofJ(t)dt/r, (15)

where r represents either the bursting period or, in the case
of continuous spiking, a time long compared with the
duration of a spike. These results are tabulated for low,

Low GluCose

intermediate, and high glucose concentrations in Table II.
To simplify comparison with experiments, the average
fluxes in Table II are expressed as pmol cm-2 * s- , using
the conversion factor nAcm-2 = 0.0104 pmol cm-2 . s-'.
Notice as a check on our numerical work that the separate
values of JK,Vand JK,Ca add to the total average value of the
flux, J, to within a few percent.

EFFECT OF QUININE AND TEA ON K+
FLUX

The effect of quinine on K+ channels in the membrane of
the 13-cell seems to be relatively complex. It is known from
a variety of experiments that it reversibly blocks the
Ca2+-activated K+ channels (Atwater, et al., 1979) even in
concentrations as low as 5 ,gM. However, it also appears to
prolong the action potential spikes, perhaps through inter-
action with the voltage-gated K+ channels. Thus we have
chosen to mimic the addition of quinine by setting the
conductance of the Ca2+-activated K+ channel, jKCa, equal
to zero, and by decreasing by two-thirds the parameter, X,
in Eq. 6. This has the effect of increasing by a factor of 1.67
the time constant for the relaxation probability of opening,
n, for the voltage-gated K+ channel. The results of these
calculations are shown in Figs. 4 and 5, where the value K+
external was set equal to 5 mM. With the effect of quinine
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FIGURE 3 The fluxes of K+ through the Ca2"-sensitive K+-channel (top), voltage-sensitive K+ channel (middle), and the sum of the two
(bottom) as defined by Eqs. 13-15. Conditions are as in legend to Fig. 1.
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TABLE II
AVERAGE POTASSIUM ION FLUXES (pmol * cm-2 * s-')

Flux Low glucose Intermediate glucose High glucosekca = 0.01(ms)-' kc. = 0.02(ms)-' = 0.03(ms)-' External medum

JK V 0.84 2.28 5.18
JK.Ca 1.24 1.86 2.80 [K]o= 5 mM
J 2.07 4.15 7.88

JK,V 0.35 0.91 1.35
JK,C. 0.91 0.89 0.83 [K]o -T mM
J 1.24 1.76 2.18 []=m

_7K,V 6.01 6.01 6.01 quinine
J7K,Ca 0 0 0 K 5m
J 6.01 6.01 6.01 [K]0 - 5 mM

J K,V 0.80
JK,Ca 1.14 [K]o = 2 mM
J 1.86

JK,V 5.28
JK,Ca 3.11 [K]o = 7 mM
J 8.50

mimicked in this fashion, changing the glucose concentra-
tion has no effect on the oscillations. The instantaneous K+
fluxes are shown in Fig. 5 and their time averages are given
in Table II.

Tetraethylammonium ion (TEA) is known to inhibit the
voltage-gated conductance of K+ in the fl-cell (Atwater et

al., 1979). One of its effects is to prolong the K+/Ca+2
action potential. We have previously modeled its effect by
increasing the value of r,, (Chay and Keizer, 1983). In the
present calculations this is accomplished by decreasing the
parameter X by a factor of one-third over that in Table I.
The results of our calculations at 5 mM external K+ and

C-D -F 4 r11,111

C, C.

L: ji

.00* -.i U 0 -0 A ---- -- r

H1 II, .11 11 III ,1.

0 4 . 00 0 0O
Tmi . o )

FIGURE 4 Effect of quinine on the electrical pattern, the intracellular Ca2", and compartmentalized K+ concentrations. The parametric
values used for this computation are the same as those in Fig. 1, except gK,Ca was set at zero and X` was increased from 3 to 5.
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FIGURE 5 The fluxes of K+ as defined in Eqs. 13-15 for the simulated effect of quinine described in the legend of Fig. 4.

Low glucose Intermediate glucose High glucose

E

>:n

C,

ro

0.00o 6.00o 12.00o 18.00o 24.00oO.00O 6.00O 12.00o 18.00o 24.00oo.00O 6.00o 12.00o 18.00o 24.00o
Time s) Time (s) Time (s)

FIGURE 6 Effect of TEA on the oscillation pattern shown in Fig. 1. In this calculation we used the same parametric values as those of Fig. 1
except X was decreased by a factor of one-third; i.e., X-' = 9
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low, intermediate, and high glucose concentrations are
given in Fig. 6. The instantaneous fluxes are shown in Fig.
7, and the average fluxes are given in Table II.

DISCUSSION

To examine the effect of external K+ on oscillations in the
pancreatic ,B-cell we have enlarged our minimal model by
one variable. That variable corresponds to the concentra-
tion of K+ ions in the intercellular spaces of the islet tissue.
Spaces of this sort have been inferred from experimental
measurements using K+-sensitive microelectrodes (Perez-
Armendariz et al., 1985). The concentration of K+ in these
intercellular regions can be varied by changing the bulk K+
concentration in the perfusion medium. The close proxim-
ity of these compartments to the electrically charged
membrane of the fl-cell means that the electrochemical
potential of K+ there differs from that in the bulk. We
have, thus, modeled the external K+ as consisting of a
variable concentration in compartmentalized space, adja-
cent to the membrane and a fixed bulk concentration in the
perfusion medium. The K+ ions in the compartment spaces
exchange with K+ ions inside the,-cell via voltage-gated
and Ca2"-activated channels, and exchange with the perfu-
sion medium via passive diffusion. The parameters that we
have used to model the effect of the electrochemical
potential of K+ and its diffusion have been taken from
experiment (Perez-Armendariz et al., 1985).

Low glucose
(' o

60

c
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o

ou
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E°
oD

There is one important K+ ion transport mechanism that
we have not included in our calculations, namely the
electrogenic Na+/K+ pump. This pump is known to exist
in the ,B-cell, and is inhibited by ouabain (Atwater and
Meissner, 1975; Meissner and Henquin, 1984). Ouabain
inhibition induces a continuous volley of action potentials
and we have studied its effect in previous work (Chay and
Keizer, 1983). The primary effect of the Na+/K+ pump
seems to be adding a fixed depolarizing current to the
(3-cell. Although this current contributes to the overall K+
balance of the cell, it does not seem to alter strongly the K+
ion oscillations in the compartmentalized space-unless
the external K+ concentration is changed by more than a
few millimolar. Thus, for reasons of simplicity, we have not
included the Na+/K+ pump in the present calculations.
Our numerical results for the oscillations of intercellular

K+ are described in the section Compartmentalized K+
Ions. In our model, oscillations in the membrane potential
result from a limit cycle oscillation that involves, in addi-
tion, the intercellular K+ and intracellular Ca2" concentra-
tions. Thus the period of the intercellular K+ oscillations is
identical with that of the membrane potential, although
the shape is quite different. Like the Ca2" oscillation, the
amplitude of the K+ oscillation is appreciable only at low
or intermediate glucose concentrations where bursting
occurs. At these concentrations the amplitude is of the
order of 1 mM (Fig. 1). At the beginning of a burst the K+
concentration in the intercellular space rises rapidly, peak-
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FIGURE 7 The fluxes of K+ as defined in Eqs. 13-15 for the simulated effect ofTEA described in the legend to Fig. 6.
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ing before the burst ends. This increase is caused by the
action-potential spikes during which K+ flows out of the
cell into the intercellular space. Since diffusion into the
bulk is slow, the intercellular K+ concentration rises. It
achieves a maximum when the frequency of the action
potentials decreases near the end of the burst. At the end of
the burst the potential falls abruptly, terminating the
action potentials and significantly decreasing the flux of
K+ through both the voltage- and calcium-gated channels,
as shown in Fig. 3. The slow decrease of intercellular K+
during this part of the oscillation is caused by its loss
through diffusion into the perfusion medium. The ampli-
tude and period of the calculated K+ oscillations is similar
to that observed experimentally with a K+-selective micro-
electrode (Perez-Armendariz et al., 1985).
The K+-selective microelectrode seems to provide a

direct measurment of K+ at the surface of the A-cell. The
measurement of K+ fluxes, using 86Rb+ as a marker is less
direct because it is a slower measurement that averages
over several bursts. In addition, some K+ channels do not
transport Rb+, although in the A-cell this is not a serious
problem (Henquin, 1981). The 86Rb+ measurements do
not track the K+ concentration, but rather the flux of K+
ions out of the islets. Our results for the K+ fluxes at
various glucose concentations are given as a function of
time in Fig. 3, and averaged over time in Table II. We have
calculated the K+ fluxes from both the voltage- and
calcium-gated channels and the total flux. Naturally, the
flux through the voltage-gated K+ channel spikes rapidly
as that channel opens and closes during its action potential
phase. The net flux of this channel, however, tends to
decrease during this part of the period since a small
repolarization of the membrane occurs during the burst
(Fig. 1). The flux of the Ca2`-activated channel exhibits
smaller spikes during the action potential phase since we
have ignored the dependence of its conductivity on the
membrane potential. The gradual increase of its flux
during spiking is caused by the increase in Ca2` ion
concentration (Fig. 1) associated with the inward Ca2"
current during the action potentials. Notice that during the
silent phase the voltage-gated channels are inactive and
that the outward K+ flux is carried entirely by the Ca2 -
activated channels.
The results in Table II give the average total K+ flux,

and exhibit quite clearly the phenomena of glucose-
induced K+ extrusion found in 86Rb+ tracer experiments
(Lebrun et al., 1983). According to our calculations, the
total K+ flux from the ,3-cell increases by a factor of -2
when the glucose concentration is raised from a low value
(-7-9 mM) to an intermediate value ( 13 mM), and
another factor of 2 when raised to a high value (-20 mM).
As the data in Table II show, this is caused chiefly by an
increase in the flux from the voltage-gated K+ channel,
although the flux from the Ca2+-activated channel
increases, too. The net glucose-induced K+ flux is, thus,
compatible with the existence of Ca2+-activated K+ chan-

nels. As Fig. 3 illustrates, those channels are the only ones
carrying K+ current during the silent phase. They are
slowly deactivated during this period as the Ca2" concen-
tration is lowered by intracellular processes. The decreased
permeability of the membrane to K+, in turn, causes the
voltage to rise (Fig. 1), ultimately reaching a value that
initiates the burst of action potentials. Viewed in this way,
there is no conflict between the initiation of a burst by a
decreasing K+ permeability and the increased average flux
of K+ induced by glucose: The glucose simply increases the
duration of the burst, during which most of the K+ ions are
extruded.

Changes in the concentration of K+ ion in the perfusion
medium affect the glucose-induced electrical activity of
the (-cell (Atwater, et al., 1980; Cook, et al., 198 lb). We
restrict our comparison with experiment to a narrow range
of external K+ concentrations since we have neglected the
effect of the Na+/K+ pump, which adds a depolarizing
current that depends on external K+ concentration. For
external K+ between 4 and 7 mM the effect of glucose
experimentally is to induce burst oscillations with a fre-
quency of -3/min. Below this concentration range the
number of bursts increases until it reaches a value of nearly
25/min at 0.5 mM. Similar results have been observed by
others (Ribalet and Biegelman, 1979). Our calculations
exhibit this general pattern, as shown in Fig. 2. Notice the
predicted effect of external K+ on the intercellular K+
oscillations. When [K]0 is low, intercellular K+ oscillations
are diminished in amplitude, but rise at a rate comparable
to the oscillations at intermediate external K+. The
appearance of the intercellular K+ oscillations at low K+ is
similar to those observed experimentally at high external
Ca2, (Perez-Armendariz et al., 1985), which, like low K+,
has the effect of shortening the duration of the burst.
TEA and quinine have potent effects on both the

electrical activity of the 3-cell and 86Rb+ efflux measure-
ments. Experimentally, 5 ,uM quinine has been shown to
inhibit the glucose-induced effilux of K+ from rat islets
(Lebrun et al., 1982). Indeed, raising the glucose concen-
tration from 8.3 to 16.7 mM causes no measureable
increase in the 86Rb+ effilux rate. Our numerical calcula-
tions, in which the conductance of the calcium-gated
channel is set equal to zero, were used to model these
experiments. With this channel blocked, Table II shows
that the average K+ flux is independent of glucose concen-
tration. Furthermore, the time course of the oscillations
shown in Figs. 4 and 5 indicates that quinine abolishes the
silent phase, leading to sustained spiking, independent of
glucose. This phenomenon is the same as that found
experimentally (Atwater et al., 1979). In our calculations
the only effect of glucose on the (3-cell is an indirect one,
operating by activation of Ca2, uptake into intracellular
stores (Rorsman et al., 1984). Thus, it is reasonable that
quinine, which acts by blocking the control point of Ca2+ in
our molecular mechanism, would eliminate any effect of
glucose on the oscillations.
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According to our calculations TEA tends to decrease the
average K+ flux from the A-cell. Nonetheless, it does not
block the glucose-induced efflux as does quinine. As shown
in Figs. 6 and 7, TEA reduces the active phase of a burst
from a volley of action potentials to a single, rather slow
action potential. It also decreases the duration of the silent
phase and depolarizes the membrane potential during the
silent phase slightly, in agreement with experiment (At-
water et al., 1979). In the presence of TEA glucose still
maintains a control effect, operating indirectly through the
Ca2 -activated K+ channel. Just as in the absence ofTEA,
Fig. 6 illustrates that increased glucose decreases the
duration of the silent phase, which increases the flux
through both K+ channels as shown in Fig. 7. The net
result is a glucose-induced K+ flux as given in Table II.

It is worth remarking that the absolute fluxes, which we
calculate at low glucose concentration, depend strongly on
the presence or absence of TEA and quinine. The experi-
mental results of 86Rb+ fluxes, expressed as percent of total
86Rb+ in the islet at any given time, show almost no
sensitivity to TEA and 5 ,uM quinine at 8 mM glucose,
where the voltage-gated K+ channels are not operative
(Lebrun et al., 1982).

CONCLUDING REMARKS

It appears from our calculations that the idea of intercellu-
lar K+ ions, compartmentalized in a layer close to the
A-cell surface, provides a relatively accurate, quantitative
description of the effect of external K+ on steady state
oscillations in the pancreatic fl-cell. In our model the time
dependence of the intercellular K+ concentration oscillates
in synchrony with the membrane potential, and is coupled
both to it and to the intracellular Ca2+ concentration. Our
results for average K+ fluxes from the f-cell yield a
glucose-induced increase in K+ efflux. This induced efflux
is, in fact, a consequence of the existence of a Ca2+_
activated K+ permeability that triggers an increased extru-
sion of K+ through voltage-gated K+ channels. It is
important to appreciate this point: The net effect of the
coupled transport processes that occur in the f-cell produce
an enhanced efflux of K+ in response to glucose, even
though glucose, itself, triggers this effect by transiently
reducing the efflux of K+. Thus we find no paradox
between the existence of Ca2+-activated K+ channels and
86Rb+ efflux experiments (Lebrun et al., 1982). The 86Rb+
simply tracks the net K+ flux, whereas the Ca2+-activated
K+ channels serve as a trigger for bursts of enhanced K+
efflux through voltage-gated channels.

In our calculations we have assumed that the conduc-
tance Ca2+-activated K+ channels is 50 pS/cell and inde-
pendent of voltage. The value of 50 pS is estimated from
the measured permeability of the fl-cell membrane to K+
in the absence of glucose (Atwater et al., 1983). In our
interpretation of the 86Rb+ efflux experiments we have, in
addition, assumed that the Ca2+-activated K+ channels are
nonselective in their permeability to alkali metal ions

(Rosario and Rojas, 1984). Nonselective, voltage indepen-
dent channels of this sort have been reported in mouse and
rat pancreatic acini, rat heart, and mouse neuroblastoma
cells (Petersen and Maruyama, 1984).

After the submission of the present work for publica-
tions, a patch-clamp study of the Ca2"-activated K'
channel from the neonatal rat ,8-cell appeared in print
(Cook et al., 1984). There the single channel conductance
of the neonatal channel is reported to be 244 pS. Whether
or not the Ca2+-activated K+ channel in neonatal cells is
the same as in mature cells remains to be seen. Nonethe-
less, in the range of 1-3 ,uM Ca2+ ion the percent open time
of the neonatal channel is close to zero. Thus, even if there
are as many as 50 of these channels per cell-which is the
density of the large Ca2+-activated K+ channel in pig
pancreatic acini (Peterson and Maruyama, 1984)-the
value of 50 pS/cell, which we have used for the conduc-
tance of this channel, seems to be in the correct range.
We also note that the percent open time of the neonatal

channel depends sigmoidally on membrane potential at
concentrations of Ca2+ in the range of 10-30 ,uM (Cook et
al., 1984). At lower Ca2+ this sigmoidal dependence on
membrane potential appears to be shifted to potentials
significantly depolarized with respect to those that operate
during bursting. Thus, the lack of a voltage dependence in
our calculations for the conductance of the Ca2k-activated
K+ channels may not be a serious shortcoming. The effect
of pH on these channels, on the other hand, appears to be
significant (Cook et al., 1984). The greatest effect of pH
may be during the transient period before the ,3-cell settles
down into steady bursting. We plan to include the effect of
pH in an expanded version of our model, and to investigate
its consequences for the behavior of the ,B-cell.
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